We propose an approach for probing Majorana bound states (MBSs) in a nanowire via counting statistics of a nearby charge detector in the form of a single-electron transistor. Besides the usually used local coupling between the detector and an adjacent MBS at one end of the nanowire, we also include the nonlocal coupling to the MBS at the other end of the nanowire. This suggests an alternative detector-position-dependent measurement of the MBSs and provides a possible method to simultaneously study the effects of these two MBSs. We show that the minimum points of the Fano factor and skewness shift appreciably in the presence of the MBSs. This feature even persists when varying the nonlocal coupling and the pairing energy between the two MBSs. These MBS-induced shifts can be used as signatures of the MBSs.
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I. INTRODUCTION
Majorana fermions are particles that are their own antiparticles. In high-energy physics, the neutrino as one of the elemental particles was suggested as a Majorana fermion 1 . Experiments aiming to prove this proposal are still on going. Besides the high-energy context where they arose, Majorana fermions can also emerge as quasiparticles in condensed-matter systems.
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The search for Majorana bound states (MBSs) in these systems has attracted much interest not only due to their exotic properties (e.g., non-Abelian statistics) but also because they are promising candidates for topological quantum computation. 4, 5 Several physical systems have been suggested to support MBSs, including fractional quantum Hall states, 6-8 chiral pwave superconductors/superuids, 8, 9 surfaces of threedimensional (3D) topological insulators in proximity to an s-wave superconductor, 10 superfluids in the 3He-B phase, 11, 12 and helical edge modes of 2D topological insulators in proximity to both a ferromagnet and a superconductor. 13 More recently, it has been shown that a spin-orbit coupled semiconducting 2D thin film 14 or 1D nanowire [15] [16] [17] [18] [19] with Zeeman spin splitting, which is in proximity to an s-wave superconductor, can also host the MBSs.
Any experimental evidence of the MBSs is compelling. Some existing experimental techniques proposed to characterize the MBSs involve the analysis of the tunneling spectroscopy, [20] [21] [22] [23] the verification of the nature of nonlocality 13, 24 and the observation of the periodic Majorana-Josephson current. 25 In particular, the very recent observation of a zero-bias peak in the differential conductance through a semiconductor nanowire in contact with a superconducting electrode indicated the possible existence of a midgap Majorana state.
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This zero-bias peak was also observed in subsequent experiments. [27] [28] [29] However, such a non-quantized zerobias peak could also occur in the presence of disorders, 30 corresponding to the ordinary Andreev bound states rather than the MBSs. Therefore, further investigations are needed to convincingly confirm the existence of the MBSs.
In contrast to previous studies, [20] [21] [22] [23] 31 the full counting statistics 32 of a single-electron transistor (SET) is employed in our present work, which became an experimentally accessible technique in recent years. [33] [34] [35] This counting statistics yields all zero-frequency current correlations at once and can be used to probe the MBSs, because it provides detailed insights into the nature of charge transfer beyond what is available from a conductance measurement alone. 36, 37 In previous studies of the MBSs in different physical systems, 13, 21, 31, 38 only the coupling to an adjacent MBS at one end of the nanowire is considered. Here, besides this local coupling, we also study the effect of the nonlocal coupling to the MBS at the other end of the nanowire. This suggests an alternative detector-position-dependent measurement on the MBSs and provides a possible method to simultaneously study these two MBSs. We show that when increasing the coupling of the SET island to the MBSs, the current through the SET does not change its main feature, but the minimum point of either the Fano factor or the skewness shifts appreciably. These MBS-induced shifts of the Fano factor and the skewness can be used as signatures of the MBSs.
II. THE MBS-SET MODEL
The hybrid system consists of two MBSs and a SET as schematically shown in Fig. 1 . With a conventional s-wave superconductor and a modest magnetic field, the MBSs as electron-hole quasiparticle excitations could occur at the two ends of a semiconductor nanowire with strong spin-orbit coupling. 14, 18, 19 The SET consists of a metallic island coupled via tunneling barriers to two electrodes and tuned by a gate voltage. By assuming a Zeeman splitting much larger than the MBS-SET coupling strength, the source-drain bias voltage across the SET and the tunneling rates with the source and drain electrodes, the SET island can be modeled by a single resonant level occupied by a spin-polarized electron. The MBSs locate at the two ends of a nanowire with large Zeeman splitting and strong spin-orbit coupling, which is in proximity to an s-wave superconductor. The SET island is coupled to the source and drain electrodes via tunneling barriers and capacitively biased by an external gate voltage Vg. The energy level of the SET island is tuned to be zero, i.e., in resonance with the MBSs. Also, the SET island couples to the adjacent MBS with a coupling strength λ and the MBS at the other end of the nanowire with a coupling strength µ.
The interaction between the MBSs and the SET island can be derived from a second quantization Hamiltonian as (see Appendix A)
where the coupling coefficients λ and µ are assumed to be real and independent of k for simplicity. This Hamiltonian involves both the local coupling λ to an adjacent MBS at one end of the nanowire and the nonlocal coupling µ to the MBS at the other end of the nanowire (see Fig. 1 ). The local coupling was usually considered but the nonlocal one was neglected in previous studies. 13, [21] [22] [23] [24] 31, 38 In our following study, this nonlocal coupling, especially its effect on the MBSs, is also considered.
The coupling between two separated MBSs at the ends of the nanowire can be described by
where ε M ∼ e −l/ζ is the coupling energy with l being the wire length and ζ the superconducting coherent length. This pair of MBSs can compose a regular fermion as
In this regular-fermion representation, the Hamilto-
where ε I is the resonant-level energy of the SET island and d † (d) is the corresponding creation (annihilation) operator. Note that this energy can be tuned by gate voltage V g to be zero (i.e., ε I = 0) to ensure resonant tunnelings between the SET island and the zero-energy MBSs. The basis states of the system of interest are given by |n d n f , with n d and n f being 0 and 1, i.e.,
The Hamiltonian for the source and the drain electrodes of the SET island is described by
where c sk (c dk ) is the annihilation operator for electrons in the source (drain) electrode. The tunneling Hamiltonian between the SET island and the two electrodes is
where Ω sk(dk) is the coupling strength between the SET island and the source (drain) electrode. The counting operator Υ (Υ † ) decreases (increases) the number of electrons that have tunneled into the drain electrode in order to keep track of the tunnelings of successive electrons. Thus, the total Hamiltonian of the system is given by H tot = H sys + H leads + H T .
III. COUNTING STATISTICS
To study the full counting statistics, it is essential to know the probability P (n, t) of n electrons having been transported from the SET island to the drain electrode during a period of time interval t. It is related to the cumulant generating function G (χ, t) defined by
We will consider the time interval t much longer than the time for an electron to tunnel through the SET island (i.e., the zero-frequency limit), so that transient properties are insignificant. The derivatives of G (χ, t) with respect to the counting field χ at χ = 0 yield the cumulants of orders m as
These cumulants carry complete information of the FCS on the SET island. For instance, the average current and the shot noise can be expressed as I = eC 1 /t and S = 2e 2 C 2 /t. Thus, the Fano factor F is given by F = S/2eI = C 2 /C 1 , which is used to characterize the bunching and the anti-bunching phenomena in transport processes. The third-order cumulant C 3 gives the skewness K = C 3 /C 1 of the distribution of transported electrons.
On the other hand, the probability distribution function of the transported electrons can be expressed as
where ρ n ij (t) (i, j ∈ {a, b, c, d}) denote the reduced density matrix elements of the SET island at a given number n of electrons being transported from the SET island to the drain electrode in time t. These reduced density matrix elements satisfy a master equation (see Appendix B). Using the discrete Fourier transform of the density matrix elements as
we can convert the master equation to
with
where
Here Γ S(D) is the tunneling rate of electrons through the barrier between the SET island and the source (drain) electrode and it is given by Γ S(D) = 2πg S(D) Ω 2 sk(dk) , where g i (i = S, or D) denotes the density of states at the source or drain electrode and is assumed to be constant over the relevant energy range.
The formal solution to the dynamical equation of ̺(χ, t) can be readily obtained as ̺(χ, t) = e M(χ)t ̺(χ, 0). The cumulant generating function then reads G(χ, t) = − ln Tr̺(χ, t). At long time t (i.e., zero-frequency limit), the cumulant generating function is simplified to
where Λ min (χ) is the minimal eigenvalue of M(χ) and satisfies Λ min | χ→0 → 0 due to the probability normalization n P (n, t) = 1.
IV. SIGNATURES OF THE MBSs
A. Current Figure 2 (a) shows the current flowing from the SET island to the drain electrode for different values of λ and µ. It is clear that when the tunneling rates between the SET island and the two electrodes are the same, i.e., Γ D = Γ S , the current does not vary with λ and µ (see also the analytical result below). However, when Γ D = Γ S , the current in the presence of MBSs deviates appreciably from the current in the absence of MBSs, especially in the region Γ D > Γ S . Moreover, it can be seen that the current slightly changes when varying the coupling energy ε M of the two MBSs [see Fig. 2(b) ].
For ε M = 0, we can obtain an analytical result for the current:
where ξ = λ 2 + µ 2 and Γ tot = Γ S + Γ D . Indeed, when Γ S = Γ D = Γ, the current is reduced to I = eΓ/2, irrespective of the values of λ and µ. Also, it can be seen from Eq. (18) that the current I depends on ξ = λ 2 + µ 2 , indicating that both the local coupling λ and the nonlocal coupling µ can play equally important roles in the current. However, as shown in Fig. 2(a) , this dependence does not change the main feature of the current. Thus, it is insufficient to only use the current to show the signatures of MBSs coupled to the SET island. Below we use the high-order cumulants in counting statistics to demonstrate more evidences for the MBSs.
B. Fano factor
It is known that the current from the SET island to the drain electrode is related to the first-order cumulant of the generating function G(χ, t), i.e., I = eC 1 /t, where t is the time interval defined in Eq. (7). The corresponding shot noise is related to the second-order cumulant of G(χ, t), i.e., S = 2e 2 C 2 /t. Thus, the Fano factor F = S/2eI can be written as F = C 2 /C 1 , which involves the second-order cumulant with respective to the first-order. In Fig. 3(a) , we show the Fano factor for different values of λ and µ. It is clear that the Fano factor in the absence of MBSs reaches its minimum (i.e., F min = 1/2) at Γ D /Γ S = 1, as indicated by point B on the dotted curve in Fig. 3(a) . This minimum point of Fano factor shifts appreciably in the presence of MBSs, e.g., For ε M = 0, an analytical result for the Fano factor can also be obtained as
(19) Without the MBSs, i.e., ξ → 0, we recover the experimentally verified result F = 1 + a 2 /2 < 1, where a = (Γ S − Γ D )/Γ tot is the asymmetry of the coupling.
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When Γ S = Γ D = Γ, the Fano factor in the presence of MBSs depends on the couplings between the SET island and the MBSs:
. This nontrivial dependence does not occur in the current (see Fig. 2 ). In Fig. 4(a) , we also show the dependence of the minimum point of Eq. (19) on the SET-MBS coupling. As expected, the minimum point (Γ D /Γ S ) min of the Fano factor indeed shifts with increasing ξ/Γ S . This MBS-induced shift of the minimum point of the Fano factor can be used as one of the signatures of the MBSs. Moreover, it can be seen from Eq. (19) that F depends on ξ = λ 2 + µ 2 . This indicates that both the local coupling λ and the nonlocal coupling µ can play equally important roles in the Fano factor, as in the current given in Eq. (18) . 
C. Skewness
The skewness of the distribution of transferred electrons is defined as K = C 3 /C 1 , which involves the thirdorder cumulant C 3 with respect to C 1 . Figure 5 If ε M = 0, the skewness can be obtained analytically as
where 
Indeed, when ξ → 0 (i.e., the case without MBSs), the skewness reduces to the skewness of a SET: K = D/Γ 4 tot = 1 + 3a 4 /4, which was verified experimentally in Ref. 33 . When the skewness in the presence of MBSs takes its minimum value K min , this minimum point (Γ D /Γ S ) min can be accurately identified from Eq. (20) , as shown in Fig. 4(b) . Similar to the Fano factor, this MBS-induced shift of the minimum point of the skewness can also be used as another signature of the MBSs. Moreover, Eq. (20) shows that the skewness K depends on ξ = λ 2 + µ 2 , which also indicates that both the local coupling λ and the nonlocal coupling µ can play equally important roles.
V. DISCUSSION AND CONCLUSION
Note that the coupling strengths λ and µ of the SET island to the two MBSs at the ends of the nanowire depend on the position of the detector [see Eq. (A6)]. Varying the position of the detector, one can reveal the influence of each MBS on the counting statistics (e.g., the Fano factor and the skewness) of the detector. Thus, it provides a possible method to simultaneously study the effects of these two MBSs. In conclusion, we have proposed an experimentally accessible approach to probe the MBSs via counting statistics of a charge detector in the form of the SET. We study the effects of both the local coupling (to an adjacent MBS at one end of the nanowire) and the nonlocal coupling (to the MBS at the other end of the nanowire) on counting statistics of the SET island. This suggests an alternative detector-position-dependent measurement of the MBSs. We find that the the minimum point of either Fano factor or skewness in the presence of the MBSs shifts appreciably. This feature even persists when varying the nonlocal coupling to the MBS at the other end of the nanowire and the pairing energy between the two MBSs. These MBS-induced shifts can used to as signatures of the MBSs. Moreover, because our approach is based on the full counting statistics, more higher-order culumants can in principle be used to probe the MBSs.
